Generalised algebraic presentation of type theory

Introduction

The goal of this note is to present a variation of the name-free presentation of substitution calculus for
type theory which is a variation of the usual presentation and which was actually the first presentation,
in the 1988 PhD thesis of Thomas Ehrhard [3, 5]. To have such a generalized algebraic presentation is
quite important when describing the semantics of type theory.

The syntax for context is

r == (|Tr.A
The syntax for terms/types is
M/A = q|MM|MM | Mo |Il AB
The syntax for substitution is
0,0 u=id|plad|ot|[M]

The usual syntax is
0,0 == id|p|dd| (o, M)

We can translate (o, M) = o™ [M] and 0% = (op,q) and [M] = (id, M).

One motivation for Ehrhard’s syntax is that these substitutions are the ones that occur for the rules
(AM) N = M[N] (AM)o = A\(Mo™) (T A B)o =11 Ao (Bo™)

The typing rules are

c:A—=T TFA
ot :AAc—T.A

T'-M:A
[M]:T —T.A

and the equations are
ido =cid=0  (00)8 = 0(d0)

id™ =id (e6)t =otst op=po"
p[M] = id qM]=M  qo" =q
[M]o =o*[Mo]  p*lq] =id

We can define (o, M) = o7 [M] with the rule

c:A—=T AFM: Ao
(o,M): A—=T.A

and we can prove the equations
plo,M) =0 q(o,M) =a

(0, M)5 = (06, M) (p.q) = id



'+ c:A—=T 6:0—=A

id: ' =T 00:0 =T
r-A c:A—=T '-M:A c:A—T
AF Ao AF Mo : Ao
'k A 'A 'A
= LAF p:T.A—T L.AFq: Ap
c:A—>T TFA AFM:Ac 't-M:A
ot :AAc —»T.A M]:T —>T.A

oid=o¢ ido =0 (c0)v = o (v)
id" =id (06)T =ot6t op=pot

p[M] = id (Mo =o*[Mo]  p*la]=id

Indeed we have
p(o, M) = po*[M] = op[M] = o

and
q(o, M) = qo " [M] =q[M] =M
and
(o, M)d = o [M]§ =0T 6T[MS] = (00)"[M6] = (06, M6)
and

(p,q) =p*lq =id

The equations for substitution in a term/type are

(M N)o = Mo (No) (AN)o =AX(Not) (I AB)o=1I(Ac) (Bot) qot =q
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