A Calculus of Definitions

1 Type theory

We describe how to implement a core type theory. This is very close to a functional programming
language with A abstraction and data types defined by constructors and functions defined by
case on these data types. The difference with ordinary functional programming is that we can
do computation on types.

The canonical types are either dependent product types or labelled sums.

The canonical elements are either A-abstraction or functions defined by case or in constructor
form.

We also have a universe of small types, with which we can do computation on types.

Like in any functional programming language we have a let (or where) construct, with which
we can define elements by mutual recursion. It is possible in this language to define in a mutual
recursive way (small) types and functions!.

Interestingly, the language now looks very much like the language Lazy ML (one precursor
of Haskell), where data types are also represented as labelled sums.

"We can represent induction-recursion in this way.



2 Some examples

N:U=01]S8N

(/\) : N2 ->N2 >N2=((O->\b->011->(0->011->1))
N2 : U=0]1

N1 :U=0

NO : U

() -- empty labelled sum
T:N2->U-= (0->NO |1 ->N1)

neq : N -> N -> N2 =
O->W->11Sm->0)ISn->(->11]Sm->neqnm)

mutual
flist : U =1Nil | Cons (a : N) (as : flist) (T (notin a as))

notin : N -> flist -> N2 =
\ a -> (Nil -> 1 [Cons b bs -> neq a b /\ notin a bs)

WA :U) B:A->U) : U=Sup (a: A) (f : Ba->WAB)
tree (A : U) B: A->10U) (C: (a:A) ->Ba->10)

(d: (a:A) >(dm:Ba)>Cab->4) (x:4) :0U-=
Sup (y : Bx) ((z: Cxy) ->tree ABCd (dxy 2z))



3 Programming language

Programs ~
MA = v | MM|AXM|ITAA|MD|cM|B|L

Definitions, Branches and Labelled Sums

D = [Mff] B = ¢ M,....,cs; Mj, L := ¢ A’l,---,CkA)k

Environments, Contexts and Values
p = (O |pul|Dp ra:=(|nVv

w,V o= Mpluul|X;|cua|TIVV

Access rules
volo,u) =u  vgy1(o,u) = vgo
and if p = [M : A]o then
Vip = ’UZ'(O', Mp)

Evaluation rules
(My Ma)p = Mip (M2p) (M D)p=M(Dp

(LA F)p=11(Ap) (Fp)  (c M)p=c (Mp
(AN M)p u= M(p,u) (c1 Ni,...,cx Ni)p (¢; @) = Ni(p, @)



4 Type-checking rules
pTHe A (p,Xp), (T, Ap) Fppa A p T AL .. p T A,
p,I'Hp IT A (MA) o, I'Fr 1 A’l,...,an“n

p, I g A (10’ Xk)7 (F,A,O) l_k’—i-l A‘_> plarlal
p, I g ()%paryk p,FI—kA,fT—>p1,F1,l

Rule for recursive definitions

p, Db A= p1, Tyl p1, Ty M Ap
p. Tk [M : Al

Rules for elements

p,TEM:Av  p, T+ M: A(v, Mp)
p,I'Ee () Qv p, Dby M, M : (A, A)v

pTH,N:IVF  pTrHM:V  (p,Xz),(T,V) by N: F X
p,T s N M: F (Mp) o T ANV F

o, g M : A;-V
p, ' i vy, : Tln p,FI—kCZ‘M:Ll/
(p,Xk),F+Xk :;411/ l_kJrll Ny F (C Xk) (p,)?k),I‘+)?k :Ajﬂ/ |_k+ln Ny : F (C Xk)

p. T b, B:1I (Lv) F

p, Dby D Dp, T+ M(Dp): Aptpy N :V
p, 'y ND:V

WhereB:cl Nl,...,cn Nn, LZCl ffl,...,cn A_;M D:[M:ff], l:|/ﬂ, l1:|/1;’

'+():(v=r D+uii: (A Ay ="Av+1a: A(v,u)

We can add a universe U of small types with computation rules Up = U.



5 Reification
Each branch B has a name fp and each labelled sum L a name dj, associated to it.
Ry X =v_1_1 Ry (AM)p) = ARy11(M(p, Xx)) Ry (u1 ug) = R ur (Ry ug)
Ry IV F)=11 (R, V) (Rx F) Ry (c4) =c (R )

Ry (Bp) = fe(Ri p) Rk (Lp) = dr(Ry p)
Ry 0= Rk (p,u) = (Rg p, Ry, u) Ry (Dp) = Ry p



6 Projection and conversion

In order to get n-conversion, we introduce the projection functions

p Lp (c @) = c(qAp@) with c¢A in L
pLpk = k

p(laf)w = zwp(flpax) (wpar)

pUj Lp = Lp

pUj(laf) = I (pUja)((pUj)o f o(pa))

p Uj U; = U if 4 <J

P Uj k = k

p kK = K

a0 () -0

q (A4, A)p (u, @) = wv,q A(p,v) 4 where v=rp (Ap) u

and when introducing a fresh value vy, of type Ap we use p (Ap) vy instead.



7 Infinite structures

The main idea is to use closure to represent infinite structures. We use it already to represent
recursive data types and recursively defined functions, and we use it now to represent streams.

A first attempt would be to have a notion of “lazy” constructors so that (¢ M)p is canonical.
For a “strict” constructor (¢ M)p reduces to ¢ (Mp). From the user point of view, each
constructor is used in a “generative” way. This means that if we define

w=sw w1 =S8 wi

then w and w; are not convertible.
However it is then not possible to give good sense of dependent case. For instance if we
define the type 2 = s Q and w : 2 by w = s w then we cannot typecheck

fi(x:Q)— C(x) f(sy)=b

since b should have type C(s y).



8 New terms
We extend the syntax of our language with
M,A =11 A1, by Ay | b= My, ... L, =M, | M.
with the new computation rules
(M.l)p = Mp.l (lh=My,....l, = M,)p.li=M,;

and the new typing rules
p, D Ay .o p, T Ay

o, Dbk (I 2 Agy el 0 Ay)
p, Uk My : A ... p, T My, : Ay o Db Mo (ly 2 Agy ool s Ay
p,r Fk (llel,...,ln:Mn):(11:A1,...,ln2An)V p,rl—k M.liZAiI/

This is a good modularity test. We don’t have to change the other clauses (in particular the
clauses for checking recursive definitions).




9 Examples

We can define the type of streams stream A = (hd : A,tl : stream A). The constant stream 0
of type stream N would be 0s = (hd = 0,tl = 0s). Then 0s.tl and Os are convertible.

One can define cons a as = (hd = a,tl = as). But notice then that if we define us =
cons 0 us then the semantics of us is L. So the function cons cannot be used to define the
constant stream 0.

This corresponds to the syntactical fact that the normal form of Os is finite and is

(hd = 0,tl = 0s)D

where D is the definition 0s = (hd = 0,tl = 0s) while the normal for of us would be the infinite
expression

(hd = a,tl = as)(a = 0,as = (hd = a,tl = as)(a = 0,as = (hd = a,tl = as)(a = 0,as = ...)))



