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Introduction

As stressed by H. Edwards [6, 7], Kronecker’s approach to the resolution of equation [8] differs from the
one of Galois. Inspired by Abel’s work [3], he stated the problem, of finding all polynomials that are
solved by radicals, while Galois aims at characterizing which polynomials are solved by radicals. Kronecker
1953 paper [8], well-known for containing the statement of Kronecker-Weber’s Theorem, emphasizes this
difference. Following Abel, Kronecker sketches a possible solution for irreducible equations of prime
degree. The main ideas of this solution seem to be already present in Abel’s work [3]'.

Surprisingly, given the importance of Kronecker’s problem, few works address this question of finding
all solvable polynomials. Possible references are the works of Abel [3], corrected by Sylow, and its modern
account by Garding and Skau [5], or its more traditional account by Netto [10] or the thesis of Sgrensen
[11]. But all these works assume (sometimes only in an implicit way) that the base fields contain all
roots of unity. This is not satisfactory if one wants to describe for instance all solvable equations over the
field of rationals. Only H. Edwards’ work [6, 7] and Sylow’s presentation of Abel’s paper [3] are careful
about this point and presents a general solution in the case of irreducible equation of prime degree over
a general base field.

The goal of this paper is to present an elementary solution of Kronecker’s problem, which refines
in some sense Edwards’ solution, and follows very closely Abel’s arguments [3]. Following [6] (and
Kronecker) we work only with “algebraic field”, so that we can always explicitely find a decomposition
of a polynomial in irreducible factors over these fields.

1 Solvable polynomials

Let k be a field of characteristic 0 and P a polynomial in k[X]. We say that P is solvable iff there exists
a sequence of radical extensions k; = k[u;], ko = k[uy,us,..., k, = k[u1,...,u,] such that P has a
root in k,,. A radical extension of a field k is of the form k[u] = k[X]/(XP — v) where p is prime and v
an element in k which is not a pth power in k.

Lemma 1.1 If v in k is not a pth power in k then the polynomial XP — v is irreducible.

Proof. Abel [3] proved this result assuming that k contains a primitive pth root of unity. We follow the
proof in [10]: if f is a monic polynomial of degree [ which divides X? — v then all roots u of f satisfy
uP = v and so f(0)P, which is (—1)! times the product of all u?, is equal to (—1)'v!. If | < p then [ and
p are coprime and this implies that v is in kP. O

Using this lemma, we see that k[X]/(X? — v) is indeed a field extension of k.

2 Analysis of solvable equations of prime degree

Let p be a prime number.
The goal is to generate all irreducible solvable polynomials P in k[X] of degree p. In this section we
analyse this goal starting from the following result, that we shall prove in the next section using more

L As suggested in [5], it seems that Kronecker knew about Abel’s work only through Malmstem [9] presentation.



or less exactly Abel’s arguments [3]. We start by taking an irreducible factor of X?~' + ...+ X +1 and
consider K the extension of k with a root of this factor. We have K = k[a] with a? = 1 a primitive pth
root of unity, but we can have K = k if k contains already a primitive pth root of unity «.

Theorem 2.1 If P is solvable it is possible to build the splitting field Q = Klxo, ..., zp—1] of P in such
a way that if we define

1
U= Z;(xo +atlz 4.+ of(pfl)xp_l)

and v = uP, we have Q = K[u|. Furthermore, we can find qo in k and gqq, ..., qp—1 in k[v] such that

T = qo + d'u+ ga¥u + ..+ qp_loz(p_l)iup_l

fori=0,...,p—1 and the element u is not in K|v].

As we are going to see, it is possible to deduce from this by elementary arguments the structure of
solvable irreducible polynomials of degree p. We don’t use any Galois theory, though the argument can
be seen as a motivation of Galois theory. On the other hand, we use the structure of cyclic extensions
as analysed by Abel [2].

Abel’s key idea [3] consists in looking at the possible “conjugates” of u over k, or, what amounts to
the same, the possible morphism k[u] — € and expressing that when we change u by one of its conjugate
in the expression

To=qo+u+quit... +qg_1u’"

then xy has to become another root x; of the polynomial P.

2.1 First analysis

Before analysing the conjugates of u we notice that, since Q = K|zo,...,zp—1] = K[u] and K = ko]
the degree of the extension Q/k is of the form pm where m is a product of numbers < p and hence p
does not divide m. Since u is of degree p over K[v], it follows from this that the degree of v over k is
not divisible by p. Since Q = Kz, ...,zp—1] = K[u] the element u is a root of a polynomial in k[X]
that is linearly factored in §2. To give a morphism ¢ : k[u] — € is the same as to give a conjugate of u
in  that is a root of the minimal polynomial of u over k. The number of such morphisms is thus equal
to the degree of u over k.

We now look at a morphism ¢ : k[u] — €. Following Abel, we write v’ = ¢(u), v = ¢(v) = u'P. The
degree of v’ over k is the same as the one of v and hence is not divisible by p. It follows that we have v’
in KJv], otherwise we would have K[v,v'] = k[a,v,v'] = Q, which is not possible since the degree of
over k is divisible by p. So we have ¢(v) in K[v]. Since ' is in Q = KJu| we can write

/ —1
u=co+cu+...+cpuP

with ¢, ..., cp—1 in K[v]. Since v’ is in K[v] and u is of degree p over K[v] the equation X? = v’ has for
solutions ' _
co+cadu+...+ cp_lozj(pfl)upfl

and since au’ is also a solution of this equation, we should have an equality of the form
au' =co+ddu+t... + cp_lozj(pfl)upfl

and so
acy +crau+ ...+ cp,lozup_1 =cy+tciaddu+...+ cp,loﬂ(p_l)up_1

It follows that ¢; = 0 if i # [ and u’ is necessarily of the form c;u! where [ is such that jI = 1 mod. p.
Since we have P(xo) = 0 where

To=qo+u-+ qg(v)u2 + ...+ qp,l(v)up_1

it follows that
Qo +u' + q(v)u? + .+ gy (V)P



is also a root of P and so we have for some k

Qo +u 4+ @)+ 4 g1 (V)P = g0 4+ oPu+ ga(v)au® + . gy ()PP
and since K[v'] = K[v] and v’ = cju! it follows that we have ¢; = ¢;(v)a*'.

In conclusion, the conjugates of u are necessarily of the form ¢;(v)u‘a’. A special case is when j = 0
in which case ¢(u) is in k[u] and ¢ can be thought as an automorphism of k[u]?.

Since u is of degree p over K[v] and u? = v, we can define T': Q — Q by T'(u) = au. For getting all
possible morphisms k[u] — €, it is then enough to look at the automorphisms of k[u] and to compose
with a power of T.

An automorphism ¢; : k[u] — k[u] is completely determined by i such that ¢;(u) = ¢;(v)u’. We
have ¢; o ¢; = ¢;; and so the group of such automorphisms can be identified with a subgroup of the
multiplicative group (Z/pZ)* of the nonzero elements mod. p. Let g be a primitive root modulo p and
choose k = g' mod. p which generates this group. We write lv = p—1. The corresponding automorphism
satisfies

O(u) = g (v)uk
We have then
02 (1) = qi, (V)u*2, 6% (u) = gp, (V)u*?, ...

with k™ = k,, mod. p. The conjugates of u in € are then exactly the elements
uat, O(u)a,. .., 0" (u)a’

and hence u is of degree pv over k. It follows that the minimal polynomial of u over k is of the form
(XP —v)...(XP - 0" (v))

and hence the polynomial (Y —v)...(Y —0"~1(v)) is irreducible in k[Y]. Hence v is of degree v over k
and furthermore, v is the root of a cyclic polynomial of degree v over k.

We obtain in this way one result of Galois which characterizes the group of automorphisms of Q2 =
Klu] = K[zo,...,zp—1] as a subgroup of the affine maps of Z/pZ. But Abel and Kronecker’s analysis
goes further and give a complete characterization of the form of the roots of a solvable polymomial.

2.2 Galois group

There are several Galois group involved. First Ku] is a normal extension of K and the Galois group
is of order pv. The extension k[u] is in general not a normal extension of k (if k does not contain a
primitive pth root of unity). However the extension k[v] is a normal extension of k with a cyclic group
of order v. There is also the extension k[zo,...,z,_1] of k, whose Galois group is of order pv®. Finally
K[u] = k[o, u] is also a normal extension of k and its Galois group is analysed in the work [7].

2.3 A refinement and a complete characterisation

Let us write (i) for g**. We can write 0(u) = hu®) and h in k[v] has for conjugates h = hg, hi, ..., h,_1.
We then have
6>(u) = 0(h) (9(u) ™ = hihu®

and more generally

0(u) = hu, 62(u) = hih{Pu®, .., 07 (uw) = u = hy,_1h{y . RS

2This is equivalent to ¢(x9) = zp, in which case ¢ permutes the elements of the sum

z0=qo+u+q(v)u® + ...+ gp1(v)uP !

31t follows that P has the same Galois group over the fields k and K. In general however the Galois group of P may
change if we add to k roots of unity. This means that we cannot assume, like in the works [3, 10, 5], that the base fields
contain all roots of unity.



We can choose g such that (v) — 1 = np and n is not divisible by p: if g?~1 — 1 is divisible by p?, then
(g +p)P~! — 1 is not divisible by p? and we can change g to g + p. We have

1=hy_ b, R ym

and we can then find ¢ and s such that nt + 1 = ps, so that

v = (vs)prl(,o_)lrl(,l_)Q . réyil)
with r = hf). The elements » = rg, r1, ..., T,_1 have to be pairwise distinct since v is not of pth

power in K[v]%. It follows® that we have k[rg] = k[v] and so we can write v* = (7). Also the element
w = u/Y(r) satisfies
wP = rio_)lril_)Q e 1"(()”_1)
We have
v =1)(rg)? T(()le(l)Q . .T(()Vfl) e vy—1 = Y(ry_1)? T(QQT(DS . .r,(fl:ll)

v vV— v vV—

3 Summary of the analysis

In order to build the roots of a solvable irreducible polynomial of prime degree p over a field k, we take
a divisor v of p — 1 and a cyclic polynomial of degree v over k with roots r = rg, 71, ..., 1,_1. We
write p — 1 = lv. We choose a primitive root g mod. p. We consider the elements, where (i) denotes g"

(”_1)r§”_2) . 7'(0)1

v—2 v—1
§=T7Ty é )...Té )

51 = rgy_l)r Sy_1 = rl(,u:ll)r(()”_z) e 7'1(/”:21)
We assume that the element s is not a pth power in k[r] and we introduce wP = s with w of degree p

over k[r]. We write (v) — 1 = np and we define w; = wV) /7§ so that w! = s; and
wy = wiV frit = w® freOrp, wy = wl fry = w® /g @r O,

and we have W
1 n _ np /.n __
w2y fry_1 =ww™/s" =w

The elements w, wy, ..., w,—; are linearly independent over k[a,r] since s is not a pth power in
k([r], and hence also in k[, r] using Lemma 5.1, by hypothesis. It follows from this that the elements
s, 81, ..., S,_1 are pairwise distinct: if s = s; for instance we have w of the form a*w; which is
impossible. Hence s is of degree v over k.

The element

v—1 v—1 v—1
-1
zo = qo + Z%(H)wi + Z Yr(rowi 4.+ 21#171(7“1‘)%9
=0

=0 =0

have exactly p conjugates (provided we have t;(r) # 0 for some j).

Furthermore, any solvable polynomial of degree p can be obtained in this way.

Notice that we don’t require that n is not divisible by p.

We can deduce directly from this form of the roots the main results of [7]. In particular notice that
if we build in this way two elements x and y of degree p over k then these two elements are fixed by
exactly the same automorphisms of Q/k, namely the automorphisms that satisfy ¢(w;) = w4 for some
fixed I (and then ¢(w;) = w;y; for all ¢). It follows that we have k[z] = k[y].

4This fact is best understood in the examples below. For instance for p = 5 and we have v = 4 and we consider rgr‘z‘rfro,
if we have r9g = r1 = ro = r3 then this becomes 7,(1)5 and if rg = ro and r1 = r3 this becomes rgr%o.

5This is a consequence of Abel’s analysis of cyclic equations. Any element ¢ in k[v] having v distinct conjugates is such
that k[t] = k[v]. Netto does not observe that we must have k[v] = k[r] but states this as an extra hypothesis. On the
contrary, Sylow in his analysis of Abel’s paper [3], states that it is easy to see, “on voit facilement”, that r is of degree v

over k.



4 Example: solvable equations of degree 5

4.1 Casev=1

We take an arbitrary v in k which is not a 5th power and the general form of the root is
qo +u+ Y1u® + ou’ +pgu’
with ¢o in k, and 91, 9, 93 in k and u® = v.

4.2 Casev =2

We take a cyclic polynomial of degree 2 and root 7, r; such that 7%r; is not a 5th power in k[r].
k[r] = k[r1] has an automorphism 6 such that 6(r) = r; and 6(r1) = r. Then if we consider the radical
extension w® = r*ry of k[r] and w; = w*/r?, so that w} = r{r = 6(w®). For any polynomials ¢y and ;
such that o(r) # 0 or 11 (r) # 0 the element

w0 = qo + Yo(r)w + Yo(ri)wr + i (r)w? + ¢y (r)w]

has exactly 5 conjugates in k[, w] with a® = 1. Indeed the element w has 10 conjugates of the form o‘w
and ofw;. If w is sent to a’w then w® = r*ry is not modified, so that r is sent to r and w; = w4/r3 is
sent to a**w; and z( is sent to

2 = qo + Yo(r)a'w + Yo (r1)et w4+ 1 (r)a® w? + ¢ (r) o wi

If w is sent to aw then r is sent to r1 and zq is sent to

T4; = qo + Yo(r1)alwy + Yo(r)aw + 1 (1) o w? + ¥y (r)aw?

We see in this way that the conjugates of xy over k are exactly xg, z1, 2, T3, 4.

4.3 Casev =4

We take a cyclic polynomial of degree 4 and root 7, 71, 72, r3 such that r8rir2rs is not a 5th power

in k[r]. We have an automorphism 6 of k[r] with 6(r;) = 7;+1. We consider the radical extension

w® = r8ririrs and
wy = w? /13, wy = wh/r®rd wy = w®/r 283

and w45 = w; so that (w)) = w?, ;. Then for any ¥ (r) # 0 the element

To = qo + Y(r)w + Y(ri)wr + Y(r2)we + Y(r3)ws

is of degree 5 over k. Indeed w has 20 conjugates of the form alw;. if w is sent to one w; then zq is not
changed, and if w is changed to a**w; then zg is sent to .

There is in the reference [12] an analysis of the form of the general cyclic equation of degree 4.

Notice that, in his letter to Crelle where Abel gives the general form of solvable equations of degree
5, Abel seems to limit himself to the case v = 4. (It seems to be an open problem to know if the formula
given by Abel in his letter to Crelle covers actually all possible cases or not.) Similarly, Kronecker, in
his 1853 note (where he announced what is now known as the Kronecker-Weber theorem), seems to limit
himself to the case where v = p — 1. This restriction is reproduced in [12]. On the other hand, Abel’s
work [3] considers all possible cases.

5 Abel’s Analysis

The rest of the paper consists in a proof of Theorem 2.1, following closely Abel [3].

Notice first that if P is solvable in k it is solvable in any extension L of k. Indeed given the sequence
of radical extensions ki, ..., k, of k it is direct to build a corresponding sequence L1, ..., L, with a
morphism k; — L; and where L;;; = L; or L;;; a radical extension of L;. If P has a root in k,, it has
then a root in L.,.

We assume that P is an irreducible solvable polynomial of degree p over k. We show first that this
implies that P is also irreducible over K = k[a].



Lemma 5.1 P is irreducible over K.

Proof. Let a1, ..., be the conjugates of o over k. We have [ < p. Let Q(X, ) be an irreducible factor
of P in K[X]. Then each Q(X, «;) divides P. Since any root of R(X) = Q(X,a1)...Q(X, ;) is a root
of P and P is irreducible, R is a power P of P. If d is the degree of @) this implies pm = dl, and since
p is prime and [ < p, we have p = d. O

If we assume that P is solvable over k it is also solvable over K and we have a sequence, that we
can assume minimal, of radical extensions K; = Kluq], Ko = Kuy, us], ..., K, = Klui,...,u,] where
K,, contains a root xq of the polynomial P and we have u!’ in K;_; for some prime p; and the equation
XPi = uf * has no solution, and hence is irreducible over K;_;. We write © = u,,. We can write

To=¢q+qu—+...+ qpn,lup”_l

with qo,...,¢p,—1 in K,—1. A simple argument®, which is already in [1], shows that we can assume
q1 = 1.

The element xg is of degree p,, over K, _1. Hence its degree over K is divisible by p,. On the other
hand, this degree is p since P is irreducible. Since p is prime we have p = p,, and we see that K,, contains
all the roots of P that are the conjugates of ¢

= qo + alu+ o + ..+ qp,la(”_l)lup_1

forl=0,...,p—1.
We have then

1
u=—(xo+a tey+...+ a_(”_l)xp,l)
p
The element v is in K[zo,...,2,—1]. It is called that (Lagrange) resolvent of the equation P(z) = 0.
We see that Abel’s analysis explains where this resolvent comes from.
We follow now Abel in showing that xo, ..., z,_1 are in K[u], so that K[u] = K[z, ..., z,—1] and x¢

is in k[u]. This will be a consequence of the fact that u is distinct from all elements

15
U = — Z ailma(l)
pl—O

where o € G, is a non trivial permutation of 0,...,p — 1.
The polynomial

QX)= JT (X —uo)

oceG,

is in k[X], since it is symmetric in the x; and invariant by the change of o to o/, and such that Q(u) = 0.
If R=Q/(X —u) we have R in k[u][X]. We claim that R(u) # 0.

Lemma 5.2 Ifu, = u then o(l) =1 for all l.

Proof. (Abel) Assume u, = u. This can be written as

p—1 p—1

1 1
U= - Z alr,g) = - Z a Hgo + a®Wu + gua?Ou? 4 4 g, 1aP~D70yp— 1
pl:O =0
with go, g2, . ..,¢p—1 in K, _1 and hence, comparing the coefficient of u in both side of this equality
151
1=- Z a”las®
P
or
p—1
p= Z a—laa(l)
=0
This equality is only possible if o(I) =1 for all I. O
6Since the sequence is minimal, at least one g;, I > 0 is # 0. We have then K, _1[qu!] = K,,—1[u] and if we replace u

by qu! we see that zo gets the required form.



The element

R(u)x; = Z R(ug)x,()

ceS,

is in K, since it is symmetric in o, ...,zp—1. Furthermore, the element R(u)zy is in k, since it is also
invariant when we change « to o’.
We get in this way a proof of Theorem 2.1.
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